Stabilization and dispersion of electrical charge by colloids in non-polar media, such as nanoparticles or inverse micelles, is significant for a variety of chemical and technological applications, ranging from drug delivery to e-ink. Many applications require knowledge about concentrations near the solid-liquid interface and the bulk, particularly in media where colloids exhibit spontaneous charging properties. By modification of the mean field equations to include the finite size effects that are typical in concentrated electrolytes along with disproportionation kinetics, and by considering high potentials, it is possible to evaluate the width of the condensed double layers near planar electrodes and the bulk concentrations of colloids at steady state. These quantities also provide an estimate of the minimum initial colloid concentration that is required to support electroneutrality in the dispersion bulk, and thus provide insights into the quasi-steady state currents that have been observed in inverse micellar media. * yochelis@bgu.ac.il arXiv:1808.05873v5 [physics.chem-ph] 7 Nov 2018 2
I. INTRODUCTION
Spatiotemporal organization of electrical charges in nonpolar solvents, such as hydrocarbon solvents, is different due to the low dielectric constant of the solvent (which is typically smaller than 10) as compared to polar solvents (e.g., water or alcohols), which are characterized by high-dielectric constants (about 80) [1] . As a result, the Coulombic force in nonpolar solvents extends over larger distances and promotes the aggregation of nano-scale charged particles or the formation of solid precipitates [2] [3] [4] . Nevertheless, colloids may be stabilized in a dispersion by the addition of surfactants and ligands, such as the macromolecular self-assembly of isolated inverse micelles, which are essentially a ternary water-in-oil system [5, 6] , and the references therein.
As opposed to salt-based electrolytes, in which the total number of charged species is usually conserved, experimental observations indicate that colloids in nonpolar solvents (inverse micelles or ligand coated nano-particles) can exchange charges via collisions, allowing neutral colloids to gain charge and charged colloids become neutral [7] . The exchange of charge may occur via uneven distribution of encapsulated charged particles or impurities post-collision, or via the transfer of charged surfactant molecules from one colloidal particle to another. The kinetic mechanism follows the disproportionation reaction [3, 8] , in which pairs of colliding neutral colloids exchange charges, yielding a pair of oppositely charged colloids, and vice versa: p + n m + m, where p, n and m denote positive, negative and neutral inverse micelles, respectively. Notably, while the dissociation kinetics of regular salts in aqueous electrolytes, p + n pn, results in a fraction of charged colloids proportional to [pn] , the disproportionation mechanism yields a charging fraction proportional to [m] [7] .
Charge stabilization and conductivity of mono-dispersed colloids in nonpolar media have been advanced by incorporating disproportionation kinetics in the Poisson-Nernst-Planck (PNP) model equations, and employing blocking electrodes to separate the contributions of charge transfer reactions [9] . In a series of works, in which voltage steps were applied to the electrodes and the subsequent depletion of charged colloids in the bulk was studied via transient currents, a qualitative description was obtained of the dependence of the amount of charge remaining in the bulk on various combinations of the system parameters, such as voltage, colloid concentration, and domain size, [1] and the references therein. Specifically, the steady state in a system with a high initial concentration of charged colloids is different from that of a system with a low initial charge concentration; in the former there is a sufficient number of colloids for complete screening of the electrical field, i.e., to support elecroneutrality in the bulk. In the latter case, the low initial concentration of charge is insufficient for attaining bulk electroneutrality -all charges are attracted to the electrodes, the concentration of charged inverse micelles remaining in the bulk vanishes, and the electric field in the bulk remains finite. On the other hand, when neutral colloids are present, a parallel process occurs: as the neutral inverse micelles are driven toward the thermodynamic equilibrium ratio of neutral to charged inverse micelles, they undergo collisions to generate new charged colloids, which then drift towards the electrodes. If the process continues, the drifting colloids will contribute to a long-lived current, which resembles the currents observed in experiments [9] .
The modified PNP equations, however, are valid only at low voltages and charge concentrations, since the finite size nature of the colloids is neglected. As a result, the accumulation of colloids at the electrode has no upper bound (maximal packing fraction) as the applied voltage is increased, i.e., the crowding effect is absent in this description. Therefore, in analogy with concentrated salt electrolytes, at high potentials we should expect to find an extended boundary layer near the electrodes, where the density attains its maximum value, and a bulk region around the center of the domain, where all densities are approximately homogeneous [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . The ability to estimate the width of this boundary layer or the density of the colloids remaining in the bulk could prove instrumental in the many applications involving stabilized charges at high potentials or high concentrations. These would include chemical processes in which surfactants are mixed with hydrocarbons, where the formation of inverse micelles affects the capacitance and insulation of the mixture, with important implications for performance and safety [20] , or consumer devices such as eink displays, which rely on electrophoresis of charged pigments encapsulated within inverse micelles [21] . The results may also allow greater control over systems that take advantage of microfluidics and droplet-based microreactors for chemical synthesis (e.g., as templates for nanoparticle fabrication [22] [23] [24] or for efficient synthesis of high-value chemicals such as pharmeceuticals [25, 26] ), chemical analysis (such as lab-on-chip diagnostic devices [27] ) or for drug and catalyst discovery [28, 29] .
Here we extend the mean field PNP-based model equations introduced in [9] to account for finite size effects, and derive analytic expressions that estimate the width of the double layer and the bulk densities. We provide a cutoff value for the amount of dilution by solvent above which complete screening of the electric field is unattainable due to the complete depletion of charge. We employ the framework introduced by Gavish-Elad-Yochelis [30] , since it captures several spatiotemporal properties of solutions containing mobile charges for a wide range of concentrations and particle sizes (including solvent-free [31] ), and is therefore amenable to generalization [30] . The model equations thus provide a characterization of a medium in which the neutral part is comprised of two species: the reactive colloids, and the unreactive solvent. The analytical expressions are derived for the case in which the colloids are moderately diluted by solvent and a significant fraction of them are charged, and predict the critical value of dilution by the solvent, i.e, an estimation of the colloid concentration necessary for attaining electroneutrality. The results are shown to agree well with numerical integration.
II. MODEL EQUATIONS
We consider a medium comprised of monovalent, spherical and mono-dispersed positively charged colloids (p), negatively charged colloids (n), neutral colloids (m), and an inert solvent (s), such that any volume element may be decomposed into the partial volume fractions of the components:
with subscripts denoting the maximum concentration of each species. Since the colloids are mono-dispersed, we define ρ max ≡ p max = n max = m max and
as the relation between the packing density of the solvent and the colloids, respectively, such that Υ 1 corresponds to solvent molecules that are much smaller than the colloids, e.g., colloids in water.
In addition, we make the following standard assumptions: (i ) Electric charges reside mostly within the colloids; the contribution of individual charged surfactant molecules in the bulk to the overall charge distribution is negligible, (ii ) the dielectric constant is homogeneous throughout the domain, and typically is taken as that of the solvent. While the dielectric constant may vary locally, e.g., in the vicinity of the inverse micelles due to the presence of the surfactant molecules, it is normally assumed that this radius of variation is sufficiently small to be ignored for realistic concentrations. (iii ) The interaction between colloids are summarized by the mass-action kinetics of the disproportionation model, where interactions such as bound pairs and aggregates of oppositely charged inverse micelles are assumed here to be energetically unfavorable transition states, (iv ) the ratio of charged colloids to neutral colloids may be large, even to the extent that the charged colloids outnumber the neutral ones. A physical realization of such a situation is found in the familiar electrophoretic display (e-ink) devices, where inverse micelles of opposite charges carry oppositely colored pigments in counter-propagating directions, with the applied voltage controlling the color that accumulates near the transparent electrode that functions as the screen [21] .
The model starts with the free energy of the system:
where the first term is the entropic contribution with p i = n i , m i , s i being the respective initial concentrations, k B is the Boltzmann constant, and T being the temperature, while the second term stands for the internal electrostatic energy, with q being the elementary charge and is the dielectric permittivity (assumed here as constant). The relation between the initial concentrations of charged and neutral colloids is dictated by the disproportionation mass-action kinetic terms dp dt
so that at the equilibrium p i = n i and
where α and β are forward and backward rates, respectively. Following the Gavish-Elad-Yochelis framework [30] and the addition of charge generation [9] , the equations are given by
with the Coulombic interactions obeying the standard Poisson's equation
The fluxes in (3) are given by functional derivatives of the free energy
where µ is the mobility coefficient, assumed to be identical for all components, and which is related to the diffusion constant via the Einstein-Smoluchowski [32] relation µ = D/k B T , and δ denotes functional (variational) derivatives. System (3) is overdetermined, yet mass conservation allows elimination of the dynamic equation for the solvent via the relation (p + n + m + s) t = 0, so that the distribution for s may be found at any time from s = 1 − (p + n + m)/Υ, see (1) . In the following discussion, we take the solvent molecule size to be equal to the colloid size, setting Υ = 1 (an appropriate assumption for large molecules, such as hydrocarbon solvents).
In the absence of spatial symmetry breaking due to the formation of colloid aggregates [33] [34] [35] , we focus our analysis on a one dimensional spatial domain, such that ∇ → ∂ x . We render the equations (3) dimensionless by scaling the fields by ρ max (see (1)), the potential according toφ = qφ/(k B T ) and the length byx = x/λ, where λ = ( k B T )/(q 2 ρ max ). Therefore, the effective domain size isL ∝ L √ ρ max , where, for a fixed real domain L, a largeL is equivalent to a large ρ max (small colloids), and a smallL is equivalent to a small ρ max (large colloids). Time is scaled ast = t/τ , where τ = λ 2 /D, which leads to the dimensionless rate constants k 1 = αρ max τ and k 2 = βρ max τ (with ρ max having units of mol/m and the units of α and β being m/s/mol). The dimensionless rate constants therefore satisfy the relation k 1 /k 2 = K. Consequently, omitting the tildes, the dimensionless model equations read:
These equations differ from those proposed in [9] by the new finite-size terms, which vanish together with one of the densities of charged colloids, i.e., when (p, n) → (1, 0) or (0, 1), reflecting the fact that no drift can occur when there is complete depletion or complete saturation (close-packing) of charges.
III. NUMERICAL SOLUTIONS
We first turn to numerical solutions of (4) to confirm both consistency with the transient currents obtained, for example, by Strubbe et al. [9] as well as the realization of crowding near the domain boundaries at sufficiently high voltage. For this purpose we use no-flux (inert electrode) boundary conditions for all colloids
and Dirichlet (fixed voltage) for the potential φ| x=±L/2 = ±V /2.
From the initial electroneutral conditions p i = n i and m i = Kp i , we define the total concentration of colloids (both charged and neutral) as
of colloids. It is unclear however, whether high values of c are actually attainable -above a certain density the inverse micelles can be expected to coalesce into layers [36] , although close packing of hard-sphere colloids cannot be totally excluded [13] . Additionally, the dielectric permittivity at high concentrations may not be identical to that of the solvent [37] , although it has been shown elsewhere that the qualitative changes are negligible, even in cases where spatial symmetry breaking is present [38] . In light of these limitations, we will limit c to values below 0.8, which seems to be a reasonable upper bound at which the colloids may be expected to exist as separate entities. By rewriting the initial densities of the colloid species in terms of total concentration and reactivity, we obtain the initial species concentrations p i = n i = c/(2 + K), and m i = Kc/(2 + K). The ratio of charged to neutral colloids at equilibrium is 2/K, so for K < 2 there are more charged colloids than neutral. The initial solvent concentration obeys s i = 1 − c.
Direct numerical integration of equations (4), indicates, as expected, that the charge accumulates at high voltages near the electrode in the form of a plateau whose width grows until it stabilizes at steady state (Figure 1a) . In the absence of disproportionation reactions, for high values of K, the maximal density at the electrodes will not be attained, while the charge in the bulk will be completely depleted, as shown by the dashed lines in Figures 1b and Figure 1c , respectively. This indicates that there is insufficient charge to counter the electric field, and indeed, as may be seen from figure 2, the electric field in the bulk, E b , remains almost identical to its initial value when disproportionation reactions are absent. When reactions are present (solid lines), however, additional charge is generated, such that the maximal density is reached at the electrode (Figure 1b) , a non-zero density of charged species remains left over in the bulk (Figure 1c) , and the electric field in the bulk shows significant relaxation toward electroneutrality (Figure 2a) .
The transient current density may be now computed as well by integrating the charge flux difference over the domain [8, 39, 40] :
where S is the area of the electrodes and is taken here to be unity. The dependence of the currents on time is shown in Figure 2b , where we see a fast decay in the absence of disproportionation reactions, since the only contribution to the current is the migration of the charged colloids that were initially present. When reactions are present, the newly generated charged colloids drift under the influence of the incompletely screened electric field, contributing to the quasi-steady state current that is observed at high values of K, as has also been described by Strubbe et al. [9, 41] . However, asymptotically, the quasi-steady state current also decays and moreover, the temporal extent depends on the disproportionation rates, such that the quasi-steady state current are less pronounced as K is decreased (see Figure 2b ).
IV. FROM INTERFACIAL CROWDING TO BULK CHARGING
Numerical integration of (4) can generally provide both the temporal and spatial properties. However, in the following discussion, we wish to obtain estimates for the width of the crowding layer and the concentration of charged colloids remaining in the bulk, as well as for the range of parameters for which electroneutrality and residual steady state currents may be expected.
At steady state the fluxes vanish, φ(x = 0) = 0, and the asymptotic bulk densities are p(
Since all species are of equal sizes, we find
so that Poisson's equation reads as
Assuming electroneutrality in the bulk region (i.e., the electric field in the middle of the domain is completely screened), multiplying equation (6) by φ x and integrating [15] ), we obtain
Next, we approximate cosh φ ∼ exp |φ| for large |φ|, which for high potential requires |φ| 1 ( k B T in real units) and |φ| > ln (1/(2ρ b ) − 1), i.e., (for φ > 1), ρ b > 1/(2(e + 1)). We thus find
After replacing the asymptotic relation with equality, separating variables and integrating between x and L/2 (−L/2), with the boundary condition φ(±L/2) = ±V /2, we express the potential in terms applied voltage (V ), remaining charge concentration in the bulk (ρ b ) and domain size (L):
This approximation is valid until some distance Λ from the boundaries at which |φ| ∼ O(1). Due to the quadratic form of (9), its second derivative is one, and therefore the region of validity of the approximation overlaps the saturation regions where p = 1 (n = 1). Λ therefore marks the width of the saturation plateau that forms near the boundary, as shown in Figure 3 . To approximate the width of the saturation plateau, we start by solving for φ(±L/2 ∓ Λ) = ±1 (i.e., comparing to k B T in real units) as a necessary condition, yielding
This distance depends on the unknown ρ b , which in turn depends on the spontaneously generated charge in the bulk region, which will be determined immediately. Specifically, we will show that although approximation for Λ formally requires that ρ b > 1/2e, it is possible to exploit a Taylor expansion to obtain a good agreement for ρ b < 1/2e as well.
We start with conservation of the total number of colloids, namely,
and also consider a large domain for which the width of the transition zone between the bulk and the boundary layer can be approximated as a sharp interface. The final distributions may therefore be approximated as being uniformly equal to the saturation densities or zero in the boundary layers and uniformly equal to their equilibrium bulk values (p = n = m/K = ρ b ) in between the boundary layers, e.g.,
with n and m defined similarly. This provides a second algebraic equation:
which, together with (10), yields Λ and ρ b . Solutions to these equations require that the colloid concentration and the charging fraction satisfy the relation 1/2e < ρ b < c/(2 + K) < 1/(2 + K), such that
which corresponds to a significant fraction of charged colloids, i.e., about 50% and higher. This condition appears to mark off a very limited sliver of c and K values for which the approximation (10) is informative. These limits may be circumvented, however, by expanding ln(2ρ
where ρ b is solved through
where the root falls in the interval ρ b ∈ [0, 1/(2 + K)].
Since our interest is in the case where both V, L 1, while ρ b < 1, the quadratic equation may be further simplified via dividing by L, taking the first term to be √ V and neglecting the second term. This provides an approximation to ρ b that has a linear form, as is also shown in Fig. 4 :
In the absence of charged colloids (ρ b → 0), this gives a critical concentration below which, for a given voltage and domain size, the bulk charge is depleted, and the electric field in the bulk is incompletely screened:
The inverse statement should be exercised with care -at large K values, ρ b → 0 for c < c c , yet the electric field will persist in the bulk even for concentrations above c c . In fact, this is the region in which a residual (quasi-steady state) current due to charge generation is observed, as shown in Figure 2 .
The comparison between the predicted values of ρ b and the values obtained by numerical simulations are shown in Figure 4 , where the circles denote the simulation results. The dashed line demarcates the values of c below which the series expansion (14) must be used. The transition between a completely screened electric field and an incompletely screened field due to charge depletion is apparent when examining the profiles of the charge density p and potential φ above and below c c , as shown in Figure 5 . Since the accuracy of the uniform-density approximations made in deriving c c is worse on smaller domains, where the size of the transition zone between the saturated boundary layer and the bulk becomes more significant, the change in the behavior of the system is best visualized by examining values of c at approximately 20% above and below c c .
V. CONCLUSIONS
We have presented a continuum model of a dispersion of monovalent and monodispersed charged and neutral colloids in a non-polar solution. The model extends the Poisson-Nernst-Planck equations to include high voltages and colloids with a high degree of charging. Analysis of the model at high voltages provides an estimation of the width of the charge saturation plateau that forms near the boundary due to steric crowding. This in turn enables the prediction of the bulk concentrations of the charged and neutral species, and the total colloid concentration below which the charge is depleted in the bulk, i.e., the level of dilution by solvent at which the high voltage causes all charged species to accumulate in the double layer near the electrode, with insufficient charges or charge sources (colliding neutral inverse micelles) remaining in the bulk to complete the task of screening the electric field. To summarize the results in dimensional units, we estimate the following quantities residual bulk charge at equilibrium:
with c the total colloid concentration in dimensional units, width of charge plateau near the electrode:
criterion for complete bulk charge depletion:
We note that the validity of the above criterion is limited when the ratio of charged to neutral colloids is low (K 2), since the electric field is not screened at steady state even when the total colloid concentration is high. This situation reflects the quasi-steady state currents observed in experiments with inverse micelles [1] .
The scope of this study is rather phenomenological, as it ignores dependencies or interactions between the model parameters. For example, the reaction rates are assumed to be independent parameters, whereas in inverse micelles size has been shown to affect reactivity [1] (with larger inverse micelles corresponding to a greater ratio of charged to neutral inverse micelles). Nevertheless, the results provide intuitive guidelines that may be used when designing systems of mobile charged species where control over the double layer or bulk concentrations is desired, such as in the cases of e-ink devices or nano-particle synthesis. More generally, the formulated equations may also serve as a useful starting point to approach the question of the amount of free charge versus charge bound up in ion pairs or aggregates in solutions of highly concentrated electrolytes [42] , such as ionic liquid mixtures [43] [44] [45] . The model equations and high voltage approximations may be used with different reaction mechanisms, such as the formation of one neutral macromolecule (with different size) rather than two (p + n m), although the solution for the bulk concentration (ρ b ) and the width of the crowded layer (Λ) is complicated by total number of colloids not being conserved in this case. The extension of these results to different and complex reaction mechanisms [46] [47] [48] and in relation to polar media [49, 50] remains open to further study.
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